PENYELESAIAN NUMERIK PERSAMAAN DIFERENSIAL

Persamaan diferensial biasanya digunakan untuk
pemodelan matematika dalam sains dan rekayasa.
Seringkali tidak terdapat selesaian analitik sehingga
diperlukan hampiran numeriRersamaan diferensial
yang akan diselesaikan adalah persamaan diferensial
orde satu. Untuk orde lebih tinggi akan dibuat sistem
dari persamaan orde satu.

RingkasarPersamaan Diferensial Biasa:
- Persoalan nilai awal (PNA)

Misal: (i) y'= f(t,y) padala,b]
y(a)=a
(i y'= f(t,y,y') padga,b]
y(a)=a
y'(@=256
- Persoalan nilai perbatasan (FRRNB)
Misal: y'= f (t,y) padda,b]
y(a)=a
y(b) =5
Persamaan Diferensial Parsial:
- Persoalan nilai awal (PNA)

SistemPersoalamilai Awal : y =f(t,y), f(a)=U



Selesaiarbukan berupa suatu fungsi yang memenuhi
PNA, tetapi himpunan titik(t, , yi )} yang digunakan

sebagai hampiran (yakm(t,) ° ).

Metode LangkafTunggal: Y(t.1) © Yes =% fungs
Rumus umum:
nilai selanjutnya = nilai sekarang +gpe * lebar step

Metode Euler: Y41 = Yk + hf (tk, yk)
Slope: T (t Y«)

Metode Heun:

h
Yk+1 = Yk +§[f (tk’ YK) + f (tk+1’ pk+1)]

1.
Slope:E@f (tk’ yk) +f (tk+1’ Py 1)

denganpy 1 = Yk +hf (ty, Vi)
Metode Deret Taylor:

Y(t +h) = y(t) + hTy (t, Y(t)+ O(h™ ™)
Ny pia

slope: Ty (tk. Y(tk)) = & i
=1 [

Metode RungeKutta :
Yi+1 = Yk +Waky +Woky +Waka +Wyky



slope:
ki = hf (t, Y )

ko =hf (t +aqh, yx +bikq)
ks = hf (t +agh, yi +bokq +bsks)
kg = hf (t, +agh, yx +bgks +bsksy +bgks)

Perhitungan Galat

Metode Langkah-Banyak(multistep):

Yu = F( Y1 Vi Yun)
Metode Pendug&engoreksi
Metode AdarmBashfortMoulton
Metode MilneSimpson
Metode Hamming

Sistem Dua PNA
x' = f(t,x), f(a)=a
y'=g(ty), f(@)=a,



Metode Euler
Uraikan y(t) atas deret Taylor disekitar tq

_ . (- to)?
y(t) = y(to) + y'(to)(t- to) + Y (01)7

denganc; diantaraty dant.

(anggapany(t), y'(t),y @) kontinu)

substituskan: y'(tg) = f (tg, Yo)
h= tl - to
2
¥(t) = y{to) + hf {to, Yo) + = y"(c1)

h cukup kecil  y(t;)° y5 = yo+hf(tg, Vo)
t hampiran Euler

Proses diulang dan membangkitkan barisan titik yang
menghampiri kurva selesaiare y(t)

Langkah umum:
tk+1 =t +h

Vi1 = Yic + F (t, i)
dijalankanuntuk k =0,1,? ,M -1



Contoh:
Example 9.4

Use Euler’s method to solve the [.V.P.

v = —= on[0,3] with

i
s and

Compare solutions for h = 1, é

h=1/4
h=1/2

h=1

1.5
1.0
0.5 :::

0.0 0.5 1.0 1.5 2.0 2.5 3.0 y(0) = 1.

y = y(t)
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y(0)

"

Figure 9.6 Comparison of Euler solutions
with different step sizes for ¥' = (¢ — y)/2
{ over [0, 3] with the initial condition

Suatu metode numerik disebut stabil jika galat yang terjadi pada suatu langk
dalam suatu proses tidak cenderung membesar pada |alagkgkiah

berikutnya.
Contoh: Diketahui persamaan diferenssal: n
menggunakan ntede dua langkah:

. diselesaikan
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FIGURE 12.12 The solution of y' = —4y with a weakly stable numerical
method and h = 0.1.
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FIGURE 12.13 Instability occurs even with a much smaller step size h = 0.02.

Oleh karena itu perlu memilih metode numerik yang stabil.
Kestabilan metode dapat dianalisis menggunakan kestabilan persamaan bec
pada bab mengenai persamaan beda dalam hampiran turunan.

Penerapanpersamaan beda pada persamaan diferensial
Misal diketahui persamaan diferensial sebagai berikut:



O O o T *)
Misal digunakan persamaan beda maju untuk diskritisésiA ¢ s
seperti pada kasus 1 dan 3 di atas, di titiked o |, akan
diperoleh , ' ' ’ ’
W W &) &) &)
5 S

CW TI
sehingga menjadi
) ¢ Qw P Q CQw T
yang merupakan persamaan beda untuk persamaan diferensial (*).

Pada bab berikutnya akan diterangkan mengenai penyelesaian
persamaan beda yaddulis dalam rumus rekursif (nilai sekarang
bergantung pada nilai pada titik/waktu sebelumnya) menjadi
persamaan dalam indeks n.

1.3 Difference equations

Whereas a differential equation 1s an equation in an unknown function, a difference equation
1s an equation In an unknown sequence. For example, suppose we know that a certain
sequence of numbers g, y1, 2. . .. satisfies the following conditions:

Yn+2 + Syps1 + 6y, =0 n=0,1,2... (131)

and furthermore that yg = 1 and y; = 3.

Evidently, we can compute as many of the y,’s as we need from (1.3.1), thus we would

get yo = —21, y3 = 87, y4 = —309 so forth. The entire sequence of y,'s 1s determined by
the difference equation (1.3.1) together with the two starting values.

Can we somehow “solve” a difference equation by obtaining a formula for the values
of the solution sequence? The answer 1s that we can, as long as the difference equation 1s
linear and has constant coeflicients, as in (1.3.1).

y = a"', where o is a constant.



Cu-n-|—2 + 5Ocn+1 + 6™ = o:n(o;'g + 5 4+ 6) = 0. (132)

xr

Just as we were able to cancel the common factor e®* in the differential equation case, so

here we can cancel the a”, and we're left with the quadratic equation

o’ 4+ 5a +6=0. (1.3.3)

The two roots of this characteristic equation are @ = —2 and a = —3. Therefore the
sequence (—2)" satisfies (1.3.1) and so does (—3)™. Since the difference equation is linear,
it follows that

un = c1(=2)" 4+ ca(=3)" (1.3.4)

1s also a solution, whatever the values of the constants ¢y and e».
When we take account of the given data yg = 1 and y; = 3, we get the two equations

I = aa+e i
{ 3 = (_2}31 + (—3)62 (1.3.0)

from which ¢; = 6 and ¢ = —5. Finally, we use these values of ¢; and ¢5 in (1.3.4) to get
yn = 6(—2)" —5(=3)" n=01,2,.... (1.3.6)

Equation (1.3.6) is the desired formula that represents the unique solution of the given
difference equation together with the prescribed starting values.

So much for the equation (1.3.1). Now let’s look at the general case, in the form of a
linear difference equation of order p:

Un+p + @1Yn+p—1 + @2Yn+p—2 + - - + apyn = 0. (1'3-7)

We try a solution of the form y,, = ", and after substituting and canceling, we get the
characteristic equation

2

of + a1a? ' faga 2 - 4 ay =0. (1.3.8)



Let a™ be one of these p roots. If o™ is simple (i.e., has multiplicity 1) then the part
of the general solution that corresponds to o™ is ¢(a™)™. If, however, o™ is a root of
multiplicity £ > 1 then we must multiply the solution ¢(a™)™ by an arbitrary polynomial
m n, of degree k — 1, just as in the corresponding case for differential equations we used an
arbitrary polynomial in = of degree k — 1.

We 1llustrate this, as well as the case of complex roots, by considering the following
difference equation of order five:

Yn+s = SUnta + 9nta — Wny2 + 8yny1 — 4y, = 0. (1.3.9)
This example 1s rigged so that the characteristic equation can be factored as
(a? +1)(a—2)%(a—1)=0 (1.3.10)

from which the roots are obviously i, —i, 2 (multiplicity 2), 1.
Corresponding to the roots i, —i, the portion of the general solution is ¢1i" + co(—i)".

Since
it — eIT/2 — cog (E) 4 isin (E) (1.3.11)
2 2
and similarly for (—i)", we can also take this part of the general solution in the form
c1 cos (?;—W) + ¢9 sin (%) . (1.3.12)

The double root @@ = 2 contributes (c3 + ¢4n)2", and the simple root a = 1 adds ¢y to
the general solution, which in its full glory 1is

nim

Yn = €1 COS (7) + 9 sIn (%) + (e3 + can)2" + cs. (1.3.13)

The five constants would be determined by prescribing five initial values, say vg. y1. ¥2. y3
and y4, as we would expect for the equation (1.3.9).



Stability theory of difference equations

In the previous section we discussed the stability of differential equations. The key ideas
were that such an equation 1s stable if every one of its solutions remains bounded as ¢
approaches infinity, and strongly stable if the solutions actually approach zero.

Similar considerations apply to difference equations, and for similar reasons. As an
example, take the equation

5

Un+1 = 5¥Un — Un—1 (n>1) (1.6.1)

along with the initial equations
yo=1;, y1 =0.5. (1.6.2)

It’s easy to see that the solution is y, = 27", and of course, this is a function that
rapidly approaches zero with increasing n.

Now let’s change the initial data (1.6.2), say to
yo=1; ;= 0.50000001 (1.6.3)

instead of (1.6.2).

The solution of the difference equation with these new data is
y = (0.0000000066 . ..)2" 4 (0.9999999933 .. .)27". (1.6.4)

The point 1s that the coefficient of the growing term 2™ 1s small, but 2" grows so fast that
after a while the first term in (1.6.4) will be dominant. For example, when n = 30, the
solution 1s y3g = 7.16, compared to the value y3p = 0.0000000009 of the solution with the
original initial data (1.6.2). A change of one part in fifty million in the initial condition
produced, thirty steps later, an answer one billion times as large.

The fault lies with the difference equation, because it has both rising and falling com-
ponents to its general solution. It should be clear that it i1s hopeless to do extended com-
putation with an unstable difference equation, since a small roundoff error may alter the
solution beyond recognition several steps later.



As in the case of differential equations, we’ll say that a difference equation is stable
if every solution remains bounded as n grows large, and that it 1s strongly stable if every
solution approaches zero as n grows large. Again, we emphasize that every solution must
be well behaved, not just the solution that is picked out by a certain set of initial data. In
other words, the stability, or lack of it, 1s a property of the equation and not of the starting
values.

Now consider the case where the difference equation is linear with constant coefficients.
The we know that the general solution is a sum of terms of the form

(polynomial in n)a™. (1.6.5)

Under what circumstances will such a term remain bounded or approach zero?

Suppose |a| < 1. Then the powers of o approach zero, and multiplication by a polyno-
mial in n does not alter that conclusion. Suppose |a| > 1. Then the sequence of powers
grows unboundedly, and multiplication by a nonzero polynomial only speeds the parting
guest.

Theorem 1.6.1 A linear difference equation with constant coefficients is stable if and only
if all of the roots of its characteristic equation have absolute value at most 1, and those of
absolute value 1 are simple. The equation is strongly stable if and only if all of the roots
have absolute value strictly less than 1.

Analisis Galat

Metode langkah tunggal elementer berbentuk
Yics1 = Yk + hF (t, Vi) untuk suatu fungsi
F yang disebut fungsi pertambahatau slope




